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Problem

The regression problem

Suppose we have a dataset (yi , xi )
N
i=1, where yi ∈ R, xi ∈ Rp for

i = 1, . . . ,N.

The response variable y is related to the covariate via

yi = f (xi ) + εi ,

where E(εi ) = 0, for i = 1, . . . ,N.

We are interested in learning the regression function f .
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Parametric models

Linear regression

The linear regression model has the following form

f (xi ) = β0 +

p∑
i=1

βjxij .

We assume that the regression function is linear.

We can use basis expansions to introduce non-linearity.
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Parametric models

Ridge regression

We minimize the following loss function with respect to β ∈ Rp

1

N

N∑
i=1

yi −
p∑

j=1

βjxij

2

+ λ‖β‖22,

which has solution
β̂ = (XTX + λIp)−1XT y
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Nonparametric models

Kernel ridge regression

From ridge regression: Replace data with a d-dimensional feature
mapping: xi → φ(xi ),

We have the solution

β̂ = (ΦT
X ΦX + λId)−1ΦT

X y = ΦX (ΦXΦT
X + λIN)−1y

Nonparametric statistics = infinite-dimensional statistics
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Nonparametric models

Kernel ridge regression

Let H be a reproducing kernel Hilbert space, with associated kernel
k(x , y) = 〈φ(x), φ(y)〉. Then the kernel ridge regression problem is:

min
f ∈H
{ 1

N

N∑
i=1

(yi − f (xi ))2 + λ‖f ‖2H}

Representer theorem: The solution to the above problem is of the form
f (x) =

∑N
i=1 βik(xi , x).

Nonparametric statistics = optimizing over a large function space
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? models

Smoothing splines

We minimize the following over a Sobolev space

1

N

N∑
i=1

(yi − f (xi ))2 + λ

∫
{f ′′(t)}2dt.

The solution is a natural cubic spline. To me, this is clearly nonparametric.

Cubic splines are linear smoothers:

f (x) =
N∑
i=1

βjNj(x)
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? models

GAMs

The model has the form

f (x) =

p∑
i=1

fi (x).

Parametric: fi (x) = β0 +
∑p

i=1 βixi

Nonparametric: fi is a non-linear smoother (i.e. spline).

Semi-parametric: A mix of both parametric and nonparametric.
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Conclusion

Conclusion

Linear sums of smoother features are not parametric.

We are optimizing over a very large class of functions!
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